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e Graphs as models for, e.g., social networks, the internet,. ..
e Triangles often appear in social networks
e Triangle counts: community detection, local clustering
coefficient (Ay), transitivity ratio (Ag),. . . A
e Social networks are dynamic
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Introduction



Definition (Schema)

A schema X = (Xi,..., X,) is a tuple of variables with discrete
domain Dom(X) = Dom(X1) x ... x Dom(Xp).

Definition (Relation)
A relation K is a function K : Dom(X) — Z.

e xce K < K(x)#0
o |K|=[{x[xeK}

Definition (Database)
A database D is a set of relations. |D| =), p |K]|
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Relational Algebra

Definition (Projection)

wEX is the projection of x onto the variables in the tuple F.

Definition (Selection)
or=tK ={x € K| mtex =t}
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Relations R[A, B], S[B, C], T[C, Al.

Ternary triangle query:

As(a,b,c) = R(a,b) - S(b,c) - T(c,a)

Binary: Az(a, b) = >~ cpom(c) R(a;b) - S(b,c) - T(c, a)

Unary: A1(a) = >~ pe pom(B) 2= cepom(c) (@ b) - S(b,c) - T(c, a)
Nullary:

Ao() = X acpom(A) 2-beDom(B) 2—ccpom(c) (@ b)-S(b, ¢)-T(c, a)
Result: A_(...) for all free variables (if # 0)
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Incremental View Maintenance (for Ag)

For a single-tuple update 6R = {(«, B) — m} (m € Z*):

Ao()+60() = Lo()+IR(a, B)- > S(B,0) T(c,)
ceDom(C)

O(|D]) if linear #C values, could be precomputed

Precompute auxiliary view

Vsr(b,a)= > S(bc) T(c,a)

ceDom(C)

e O(1) delta query computation
e O(|D|) view maintenance
e O(|D|?) space for Vst

Key idea: Partiton relation s.t. # C-values is sublinear 8/29



IVM for A()



Definition (Partition)
For relation K over X, X in X, threshold 6, K is partitioned in
KM KL, if
union K(x) = KH(x) + KL(x),x € Dom(X)
domain partiton 7xK" naxKt =10
heavy part for any X-value: |ox_,KH| > 10

light part for any X-value: |ox_K:| < %9
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We want to maintain

Ao() =Y R(a,b)-S(b,c) T(c,a)

a,b,c

= Y Y R(ab) S(bc) Tc,a)

r,s,te{H,L} a,b,c

= Y AF

r,s,te{H,L}

=a51()

where R[A, B], S[B, C], T[C, A] are partitioned on A, B, C.
Maintain Af" using different strategies:

e Compute dAJ" directly
e Compute dAJ" using auxiliary materialized views
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IVM¢ State

Definition (/VM¢ State)
For D={R,S, T}, e €0,1], an IVM°® state is (¢, N, P, V') with:

1. %N <|D| < N (N =0©(|D]))
2. P: set of partitions of R, S, T with 0 = N¢
3. V: set of materialized views
Insight
e At most li/ve — 2N1¢ distinct A-values can exist in RH
2

e Any A-value in Rt appears less than %N€ times
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Maintaining 0AJ"

Update 6R" = {(«, ) — m} affects either R" or RL, i.e., only
four partitions AZHH AL AH AL are maintained.

rHH H H
= mZS /B, T C Oé) AI’LL m- ZS B) TL C a)
< 2N1=¢ distinct C-values,

summing takes
O(N'~=¢) = O(|DI*™)

< %Nf tuples have given 3,
summing takes O(N¢) = O(|D|)

SALH: like AL or SALLL, ie., O(|D|mintel=eh)
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What about §A7t?

Problem: Number of C-values could be linear in |D| for s AL

Solution:

e Materialized view Vs7(b,a) = > SH(b,c) - Tt(c, a)
e SAFE =m. Vsr(B,a) in O(1)

§SH = {(B,7) = m} and § Tt = {(v, @) = m} require view
maintenance
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Visualization of /A" maintenance
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Table 1: Update 65" = {(3,7) — m}

6SH: fixed 7, at most %Nf tuples have C =~ in Tt
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Visualization of /A" maintenance
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Table 2: Update 6 TL = {(v, ) — m}

STEL: fixed v, at most 2N1~¢ distinct B-values in S"
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Space Complexity for /VM< state (¢, N, P, V)

Obviously, e, N = O(1), |P| = |D|

Three auxiliary materialized views are used:

1. Vsr(b,a) =Y. SH(b,c)  T(c,a)
2. \/Rs(a, C) Soo0
3. VTR(C7 b) =...

For Vsr:

3
[Vsr| < min{N- SN, N- 2N~}
_ O(‘D‘lerin{s,lfe})
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Summary for Ag()

Theorem
For a database D, € € [0,1], IVM¢ maintains A for single-tuple
updates with:

preprocessing (’)(|D’%) [2, 3, 4]
update time (’)(|D|max{e,1—e})
space (’)(‘D‘l-i-min{e,l—e})

enumeration delay O(1)
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IVM® for As(a, b, c) (sketch)



Decomposing A3

We want to maintain

As(a,b,c) = R(a,b) - S(b,c) - T(c,a)
= AR (3 b, c) + ALt (a, b, €)
+ A5HL (8, b, ) + ALPL(a, b, €)
+ A58 (a, b, ¢)

We focus on A?HH and A?HL.
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Maintaining A"

AHHH s materialized.

A | B | C | As

]
(8}

e 2 L 2

T T ™ -

Ck

Update 6RY = {(a, B) — m} for
AgIHH(% b7 C) = RH(37 b) ’ SH(b7 C) ’ TH(C7 3)

For fixed v, TH has at most 3N*=¢ C-values, i.e., O(|D|*~)

Space complexity: (9(|D|%)
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Maintaining A=t

Update 6R" = {(a, B) — m} for
A?:BHL(av b,c) = zre{H7L} R"(a, b) - SH(ba c)- TL(Cv a)

Direct Computation: Possibly O(|D|) affected rows.
Auxiliary View: Vst(b,c,a) = S"(b,c)- Tt(c, a) does not help

Solution: factorized evaluation
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AE]HL

Maintaining

using hierarchical views

Vst(b, c,a) = SH(b,c)- TL(c, a) b a
&)
%
Vst(b,a) = 3, Vst(b, c,a) b a

2N
N

a

VEHL(a,b) = 3, c 41,0y R™(a, b) - VsT(b, a)
Enumeration: For all (a, b) € VEHL find c in Vs, O(1) delay
Maintenance: O(|D|™@{e1=<}) (like Ag())

Space: O(|D|*mir{el=<}) (like Ag()) 21/29



Summary for Ay() and As(a, b, ¢)

Theorem
For a database D, ¢ € [0,1], IVM¢ maintains Ao and A3 for
single-tuple updates with (’)(]D]%) preprocessing time,
O(|D|m@{e1=<}) update time, O(1) enumeration delay, and
space

Ag O(‘D‘lerin{e,lfe})

A5 O(D|?)

Results for A1, Ay are similar.
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Rebalancing and Amortized Analysis (sketch)



Major Rebalancing

Reminder
For D={R,S, T}, e €0,1], an IVM® state is (¢, N, P, V) with:

1. %N <|D| < N (N =0©(|D]))
2. P: a set of partitions of R, S, T with 0 = N¢
3. ...

Updates might change |D|; repartitioning and preprocessing takes
3

O(|D[2).

Halving and doubling trick: major rebalancing at most every

~ N = ©(|D|) updates.

w

“OUDI2) O(|D|%) amortized update time
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Minor Rebalancing

Reminder

For relation K over X, X in X, threshold § = N¢, K is
partitioned in K" KL, if

heavy part for any x € nxK": |ox— KH| > %6

light part for any x € mx K |ox_cK!| < 26

e Updates might change |ox—xK"| and |ox—K"|

e Rebalance: O(|DI¢) tuples are deleted/reinserted
e Each update takes O(|D|m2x{e1-<})

e At least 20 = ©(|D|) updates between rebalances

“%&:176}) = O(|D|m>de1=<})" amortized update time
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Optimality (sketch)



Optimality

Online Vector-Matrix-Vector Multiplication Conjecture [1]

Given n pairs of n-dimensional boolean vectors (ug, vx) and a
n x n matrix M, (ug)” My, can not be computed one after the

other in O(n3~7) (v > 0)

]

(u) "My, =1 < 3i,j: u(i) = M(i,)) = w()) = 1
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Optimality

\

(ui)"Mv; =1 3i,j : u(i) = M(i,)) = vi(J)
< 3i,j: R(a,1)-S(i,)) - T(,a)

1
1

Unless OMy fails, there is no algorithm that maintains A with
(’)(]D]%_V) update time and O(|D|*~7) enumeration delay
(7 > 0) 26/29



Conclusion



Conclusion

Theorem
For a database D, € € [0,1], IVM¢ maintains Ao and A3 with

O(]D]%) preprocessing time, O(|D|™{1=}) amortized update
time, O(1) enumeration delay, and space

Ag (’)(‘D‘H‘mi”{ﬁ’l—ﬁ})

A3 O(DI?)

Furthermore, IVM€ is Pareto worst-case optimal for ¢ = % unless
OMv fails.
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