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Abstract

In this paper we develop an algorithm which maintains a maximal independent set
with O(y/m) worst-case adjustment complexity. This bound is also tight based on a
worst-case example by Assadi et al. [[l]. We separate the set of vertices to heavy and light
based on their degree. The algorithm maintains an invariant and a partial information
for the light vertices.

Introduction

Consider a graph G = {V, E}, where n = |V| and m = |E| denote the number of vertices
and edges of G respectively. A set of vertices M C V is called an independent set if there
is not an edge between two vertices of M. An independent set is mazimal (MIS) if it is not
a proper subset of any other independent set. The state of a vertex u indicates whether
belongs or not to M. The adjustment complexity of an update is the number of vertices whose
state changes, that is, the number of vertices which either enter or leave M. The worst-case
adjustment complexity of an algorithm is the worst possible adjustment complexity of an
update. The worst-case adjustment complexity of the greedy algorithm which computes the
MIS from scratch at each update is O(n). Assadi et al. [[L] presented an example such that
any algorithm on it, would have Q(n) worst-case adjustment complexity. In the next section
we will develop an algorithm with O(y/m) worst-case adjustment complexity, which improves
the previous bound.

Worst-case adjustment complexity of MIS

In this section we will present an algorithm ([Algorithm MIS) (source code in the [Appendix)
with O(y/m) worst-case adjustment complexity. Let us give a high-level idea of the algorithm.
We first separate the vertices into two sets, heavy and light, based on their degree. The change
of the state of a heavy vertex could possibly affect its the whole neighborhood resulting in
Q(n) adjustments. To avoid this problem, the algorithm maintains an invariant such that
any change of the state of heavy vertices does not affect the state of their light neighbors.
To maintain the invariant though, a light vertex ignores its heavy neighbors with the danger
of having a conflict while it is added to MIS. The conflict is resolved by the algorithm by
applying the proper adjustments. The cost of the algorithm comes from the degree of a light
vertex and from the size of the set of heavy vertices.
Consider the following partition of V' into two sets H, L, defined as:

H={ue€V |deg(u) >+/m}
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L={ueV |deg(u) <+vm}

A vertex u € H is called heavy and a vertex u € L is called light. The trade-off comes from
the fact that we would like the light vertices to have a small neighborhood and the heavy
vertices to be as few as possible. For a graph G, it is true that ) _,, deg(u) = 2m. Thus it
holds that |H| < j—% = 2y/m.

The following lemma shows that the algorithm maintains an invariant regarding the light
vertices. In particular, if a light vertex does not participate in the MIS, then it has definitely
an other light neighbor in MIS. Hence changes in the state of heavy vertices do not affect the
state of light vertices. As a result, there are not too many adjustments when the state of a
heavy vertex changes.

Lemma 1. |Algorithm MIY maintains the following invariant: A light vertex w € L belongs
to M if and only if it has not any light neighbor in M. In other words, for a vertex u € L it
holds that: w e M <= N(u)NLNM=0.

Proof. During the updates a heavy vertex does not modify the counter of a light neighbor.
Hence the value of the counter of a light vertex u € L is equal to the number of its light
neighbors in M, that is, equal to |[N(u) N L N M|. A vertex u is inserted in M if and only if
the corresponding value counter|u| is zero, thus a light vertex wu is inserted in M if and only
if u has not any light neighbor in M. Also for each two vertices connected by an edge, we
always maintain only one of them in M with preference to light vertices. ]

The next lemma proves the correctness of the algorithm.
Lemma 2. The set M of |Algorithm MI{ is a mazimal independent set.

Proof. A vertex u is inserted in M if and only if the corresponding value counter|u] is zero.
Heavy vertices have full information about their neighborhood, and so they do not cause any
problem with M. Nevertheless, light vertices have only a partial information about their
neighborhood. Specifically a light vertex has information only about its light neighborhood.
Thus by inserting a light vertex into M could cause a conflict. This issue though is resolved
by removing from M all the heavy neighbors. Therefore the set M is an independent set. It
is also maximal because we always recursively insert a vertex whenever it is possible. Il

The next theorem is the main result concerning the adjustment complexity of the algo-
rithm.
Theorem 1. The worst-case adjustment complezity of |Algorithm MIY is O(y/m).

Proof. After an update, the set M might not be an MIS anymore. In order to remedy M,
the state of a vertex u should change which in turn could affect the state of its neighbors.
We call u the main vertex of the update. For each update there are two cases:

e The main vertex u is heavy: We claim that there are no adjustment in the light neigh-
borhood of u, namely in the set N(u)N L. Vertex u keeps track of its light neighborhood
in M, thus if there exists a vertex w € N(u) N LN M, then u will not be inserted into M
and will not affect the state of w. Moreover based on [Lemma 1|, if u leaves MIS then it
also cannot affect the state of any light neighbor. Therefore u can only affect the state
of its heavy neighbors, namely the set N(u) N H. In turn the affected heavy neighbors
can only affect their heavy neighborhood, and so in total at most |H| < 2,/m vertices
can be adjusted.

e The main vertex u is light: Vertex u can possibly affect the state of its whole neigh-
borhood N (u), where |N(u)| < y/m. All light vertices keep track only of their light
neighborhood in M. Thus there is the possibility that u or any of its light neighbors
N(u) will be inserted in M even though they have a heavy neighbor w in M. This
would lead to the removal of any such w from M, which in turn could affect its own



neighborhood. From the previous case though, heavy vertices can only affect the state
of their heavy neighborhood. Therefore in total at most |u U N(u)| + [H| < 3y/m + 1
vertices can be adjusted.

In the fully dynamic setting the number of edges, namely the value of m, may change
significantly after sufficient updates. As a result the sets H, L may not be consistent during
the updates. Nevertheless, proving that during the updates it always holds that |H| = O(y/m)
and Yu € L : [N(u)| = O(y/m), is sufficient to make the previous analysis work.

By increasing the value of m, a heavy vertex u may become light and this transformation
could possibly affect the state of N(u). In particular this could only happen if u is not in
M and also has not any light neighbor in M. In this case, by converting u from heavy to
light, u should enter M to maintain the invariant. This adjustment of u though, could lead to
removals of heavy neighbors of v from M, which in turn could affect their own neighborhood.
Based on the previous analysis, in total at most O(|H|) = O(y/m) adjustments would take
place, just for one vertex u. Such a vertex u moves from H to L, if before increasing m by one
it holds that deg(u) = v/m + 1. Let A be the set of those vertices, where the size of A can be
as large as Q(y/m) and so we cannot apply all the conversions from H to L at once, if we want
to have O(y/m) worst-case adjustment complexity. Instead at every iteration we will shift
only one vertex from A to L. It is sufficient to show that a heavy vertex u € H\ A should move
to L only after A has become empty, that is, only after |A|+ 1 updates, because then only the
elements of A will not belong to the proper set. Observe that |A| < 2y/m + 1. For the first
vertex u € H \ A which should move from H to L, it is true that deg(u) = vm + 1+ 1. The
number of updates x until u should move to L, can be retrieved from the following relation
vVm+x>+vm+1+1, thus 2 > 2¢/m + 1 + 2. Therefore the number of updates is at least
|A|+ 1, until the next batch of vertices which should shift from H to L arrives. Consequently,
the size of H during this phase until H, L become consistent with their definition, can increase
only by |A|. As a result it holds that |H| = O(v/m/), by paying only O(v/m/) adjustments
per update, where m/' is the new value of m after the updates.

L=A{1,...,y/m}
H={Vm+1,....,/m+1,Vm+1+1,... A}
N T~
|A| < 2v/m +1

Figure 1: Convert vertices from heavy to light

Similarly by decreasing the value of m, a light vertex u may become heavy and this trans-
formation could possibly affect the state of N(u). In particular this could only happen if u
is in M and a light neighbor of u has not any other light neighbor in M besides u. In this
case, by converting u from light to heavy, such a light neighbor w € Nu| should enter M
to maintain the invariant. This adjustment of w though, could lead to removals of heavy
neighbors of w from M (u will be one of them), which in turn could affect their own neigh-
borhood. Based on the previous analysis, in total at most O(ju U N(u)| + |H|) = O(y/m)
adjustments would take place, just for one vertex u. Such a vertex u moves from L to H, if
before decreasing m by one it holds that deg(u) = /m. Let A be the set of those vertices,
where the size of A can be as large as (y/m) and so we cannot apply all the conversions
from L to H at once, if we want to have O(y/m) worst-case adjustment complexity. Instead
at every iteration we will shift only one vertex from A to H. It is sufficient to show that
a light vertex u € L\ A should move to H only after A has become empty, that is, only
after |A| + 1 updates, because then only the elements of A will not belong to the proper set.
Observe that |A| < 2y/m. For the first vertex u € L\ A which should move from L to H, it



is true that deg(u) = y/m — 1. The number of updates x until u should move to H, can be

retrieved from the following relation v/m — z < v/m—1, thus z > 2y/m—1" =" 2 > 2/m.
Therefore the number of updates is at least | A|, until the next batch of vertices which should
shift from L to H arrives. By applying two shifts in an arbitrary update during this phase,
the claim follows. Consequently, the degree of a vertex u in L during this phase until H, L
become consistent with their definition, can be at most v/m/ + 1, where m/ is the new value
of m after the updates. As a result it holds that Yu € L : [N (u)| = O(v/m’), by paying only
O(v/m’) extra adjustments per update.

H={/m+1,...,A}

L={1,...m—1,Jm,... Jm}
NN
4] < 2ym

Figure 2: Convert vertices from light to heavy

Moreover if an edge update affects the state of its endpoints, the corresponding shift takes
place by paying only O(y/m) extra adjustments. ]

Therefore [Algorithm MIY is correct with O(y/m) worst-case adjustment complexity. Note
that in the source code of [Algorithm MIS, the process of updating the sets H, L has not been
adjusted. However this is not hard to implement, by storing a list of vertices that have to be
shifted and by applying the relevant updates.

Assadi et al. 1| display an example such that any algorithm that maintains an MIS would
have Q(n) worst-case adjustment complexity. Therefore as /m < n, there exists an example
such that any algorithm that maintains an MIS would have Q(y/m) worst-case adjustment
complexity, and so the bound of our algorithm is tight.

Corollary 1. The bound of |Algorithm MIY is tight.
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Appendix

Algorithm MIS

Update(u, oper) {

queue = {}
if (oper == "insert") { Imsert u to M }
else if (oper == "delete") { Delete u from M }

// if u is heavy then it will inform only its heavy neighborhood
// if u is light then it will inform its whole neighborhood
if (wu € H) { A=H } else { A = N[u] }
for (Vw € N[ul n A) {
if (oper == "insert") {

counter[w] += 1

// An insertion of a light vertex could lead to

// a removal of a heavy neighbor

if w e Landwe HN M {

queue.add(Update(w, "delete"))

}
} else if (oper == "delete") {
counter([w] -= 1
if (counter[w] == 0) { queue.add(Update(w, "insert")) }

}
while(queue.nonempty()) {apply queue.front(), queue.pop()}

Delete_Edge(u, w) {
Delete edge (u, w) from G
// If u or w is in M, then assume w is certainly in M
if (u € M) { swap(u, w) }
// A heavy vertex in M should not inform a light neighbor
if (we€ MNHand u € L) { exit }
if (w ¢ M) { exit %}
counter[u] -= 1
if (counter[u] == 0) { Update(u, "insert") }

Insert_Edge(u, w) {
Insert edge (u, w) to G
// Prefer w to be in M and heavy
if (e Mand w ¢ M) or (u € Mand w € M and u € H)) { swap(u, w) }
// A heavy vertex in M should not inform a light neighbor not in M
if (w € M and not(w € MN Hand u € L \ M) {
if (we M {
counter[w] += 1
Update(w, "delete")
} else {
counter[u] += 1

Figure 3: Algorithm with worst-case adjustment complexity O(y/m)
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